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Abstract
The Multi Variate Mixture Dynamics model is a tractable, dynamical, arbitrage-
free multivariate model characterized by transparency on the dependence structure,
since closed form formulae for terminal correlations, average correlations and copula
function are available. It also allows for complete decorrelation between assets and
instantaneous variances. Each single asset is modelled according to a lognormal mix-
ture dynamics model, and this univariate version is widely used in the industry due
to its flexibility and accuracy. The same property holds for the multivariate process
of all assets, whose density is a mixture of multivariate basic densities. This allows
for consistency of single asset and index/portfolio smile.
In this paper, we generalize the MVMD model by introducing shifted dynamics
and we propose a definition of implied correlation under this model. We investigate
whether the model is able to consistently reproduce the implied volatility of FX cross
rates once the single components are calibrated to univariate shifted lognormal mixture
dynamics models. We consider in particular the case of the Chinese Renminbi FX rate,
showing that the shifted MVMD model correctly recovers the CNY/EUR smile given
the EUR/USD smile and the USD/CNY smile, thus highlighting that the model can
also work as an arbitrage free volatility smile extrapolation tool for cross currencies
that may not be liquid or fully observable.
We compare the performance of the shifted MVMD model in terms of implied cor-
relation with those of the shifted Simply Correlated Mixture Dynamics model where
the dynamics of the single assets are connected naively by introducing correlation
among their Brownian motions. Finally, we introduce a model with uncertain volatil-
ities and correlation. The Markovian projection of this model is a generalization of
the shifted MVMD model.
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1 Introduction to the Multivariate Mixture Dynamics
The Multi Variate Mixture Dynamics model (MVMD) introduced by Brigo, Mercurio
and Rapisarda [8] and recently described in a deeper way in Brigo, Rapisarda and Sridi
[10] is a tractable dynamical arbitrage-free model defined as the multidimensional version
of the lognormal mixture dynamics model (LMD) in [4] and [5] (see also [9]). The single-
asset LMD model is a no-arbitrage model widely used among practitioners because of its
practical advantages in calibration and pricing (analytical formulae for European options,
explicit expression for the local volatility) and of its flexibility and accuracy. In fact,
a variant of this model is presently used in the calibration of implied volatility surfaces
for single stocks and equity indices in the Bloomberg terminal [6], and in the subsequent
pricing of European, American and path-dependent options on single assets and baskets
of assets. The main advantage of the MVMD over other multidimensional models, such as
e.g., the Wishart model ([11] and [12]) is in its tractability and flexibility which allows the
MVMD to calibrate index volatility smiles consistently with the univariate assets smiles.
In addition, a full description of its dependence structure (terminal correlations, average
correlations, copula functions) is available.
The MVMD model also enjoys some interesting properties of Markovian projection.
First of all, the model can be seen as a Markovian projection of a model with uncertain
volatilities denominated MUVM model. As a consequence, European option prices under
the MVMDmodel can more easily be computed under the MUVMmodel instead. However,
the MVMD model remains superior in terms of smoothness and dynamics. Secondly, the
Geometric average basket under the MVMD model can be projected into a univariate
lognormal mixture dynamics model. Consequently, European option prices on the basket
can be easily computed through the Black and Scholes formula.
Finally, under the MVMD model, the terminal correlation between assets and squared
volatilities is zero. This mitigates the common drawback of local volatility models of having
perfect instantaneous correlation between assets and squared volatilities.
In this paper we generalize the MVMD model, including shifts to the dynamics of the
single assets, and we study the correlation skew under this framework.
Before going into details, we recapitulate the definition of the MVMD model (in the
non-shifted case), starting with the univariate LMD model and then generalizing to the
multidimensional case.
1.1 The volatility smile mixture dynamics model for single assets
Given a maturity T > 0, we denote by P (0, T ) the price at time 0 of the zero-coupon
bond maturing at T , and by (Ω,F ,P) a probability space with a filtration (Ft)t∈[0,T ] which
is P-complete and satisfying to the usual conditions. We assume the existence of a measure
Q equivalent to P, called the risk–neutral or pricing measure, ensuring arbitrage freedom in
the classical setup, for example, of Harrison, Kreps and Pliska [14, 15]. In this framework
we consider N purely instrumental diffusion processes Y i(t) with dynamics
dY i(t) = µY i(t)dt+ vi(t, Y i(t))Y i(t)dW (t) (1.1)
and a deterministic initial value Y i(0), marginal densities pit and diffusion coefficient vi.
We define St as the solution of
dS(t) = µS(t)dt+ s(t, S(t))S(t)dW (t) (1.2)
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where s is a local volatility function, namely a deterministic function of t and S only, and
it is computed so that the marginal density pt of S(t) is a linear convex combination of
the densities pit [4, 5, 7]:
pt =
∑
i
λipit with λ
i ≥ 0,∀i and
∑
i
λi = 1. (1.3)
In what follows we restrict ourselves to the case
Y i(0) = S(0),
vi(t, x) = σ
i(t),
V i(t) =
√∫ t
0 σ
i(s)2ds
pit(x) =
1√
2πxV i(t)
exp
[
− 1
2V 2i (t)
(
ln
(
x
S(0)
)
− µt+ 12V
i(t)2
)2]
= ℓit(x)
(1.4)
with σi deterministic. The parameter µ is completely specified by Q. If the asset is a
stock paying a continuous dividend yield q and r is the time T constant risk-free rate, then
µ = r − q. If the asset is an exchange rate and rd and rf are the (deterministic) domestic
and foreign rates at time T , respectively, then µ = rd − rf . If the asset is a forward price,
then µ = 0.
Brigo and Mercurio [5] proved that defining
s(t, x) =
(∑N
k=1 λ
kσk(t)2ℓkt (x)∑N
k=1 λ
kℓkt (x)
)1/2
(1.5)
and assuming a few additional nonstringent assumptions on the σi, the corresponding
dynamics for St admits a unique strong solution.
Theorem 1 Existence and uniqueness of solutions for the LMD model. Assume
that all the real functions σi(t), defined on the real numbers t ≥ 0, are once continuously
differentiable and bounded from above and below by two positive real constants. Assume also
that in a small initial time interval t ∈ [0, ǫ], ǫ > 0, the functions σi(t) have an identical
constant value σ0. Then the Lognormal Mixture Dynamics model (LMD) defined by
dSt = µStdt+ s(t, St)StdWt, S0, s(t, x) =
(∑N
k=1 λ
kσk(t)2ℓkt (x)∑N
k=1 λ
kℓkt (x)
)1/2
, (1.6)
admits a unique strong solution and the forward Kolmogorov equation (Fokker Planck equa-
tion) for its density admits a unique solution satisfying (1.3), which is a mixture of lognor-
mal densities.
An important consequence of the above construction is that European option prices on
S can be written as linear combinations of Black-Scholes prices with weights λi. The same
combination holds for the Greeks at time 0.
1.2 Combining mixture dynamics on several assets: SCMD
Consider now n different asset prices S1 . . . Sn each calibrated to an LMD model, as
in equation (1.6), and denote by λki , σ
k
i the parameters relative to the k-th instrumental
process of the asset i. There are two possible ways in order to connect the dynamics
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of the single assets into a multivariate model. The first more immediate way consists in
introducing a non-zero quadratic covariation between the Brownian motions driving the
LMD models of equation (1.6) for S1 . . . Sn leading to the so-called SCMD model.
Definition 2 SCMD Model. We define the Simply Correlated multivariate Mixture Dy-
namics (SCMD) model for S = [S1, . . . , Sn] as a vector of univariate LMD models, each
satisfying Theorem 1 with diffusion coefficients s1, . . . , sn given by equation (1.6) and den-
sities ℓ1, . . . , ℓn applied to each asset, and connected simply through quadratic covariation
ρij between the Brownian motions driving assets i and j. This is equivalent to the following
n-dimensional diffusion process where we keep the W ’s independent and where we embed
the Brownian covariation into the diffusion matrix C¯, whose i-th row we denote by C¯i:
dS(t) = diag(µ)S(t)dt+ diag(S(t))C¯(t, S(t))dW (t), a¯i,j(t, S) := C¯iC¯
T
j (1.7)
a¯i,j(t, S) = si(t, Si)sj(t, Sj)ρij =
(∑N
k=1 λ
k
i σ
k
i (t)
2ℓki,t(Si)∑N
k=1 λ
k
i ℓ
k
i,t(Si)
∑N
k=1 λ
k
jσ
k
j (t)
2ℓkj,t(Sj)∑N
k=1 λ
k
j ℓ
k
j,t(Sj)
)1/2
ρij
(1.8)
where T represents the transposition operator.
Assumption. We assume ρ = (ρij)i,j to be positive definite.
It is evident from the previous construction that the SCMD is consistent with both the
dynamics of the single assets Si and the instantaneous correlation matrix ρ. Moreover, we
can easily simulate a path of S by exogenously computing ρ for example from historical
data, assuming it constant over time and applying a naive Euler scheme. However an
explicit expression for the density of S = [S1, . . . , Sn] under the SCMD dynamics is not
available. As a consequence, if we aim at computing prices of options whose payoff depends
on the value at time T only we still need to simulate entire paths of S over the interval
[0, T ], which can be quite time consuming.
1.3 Lifting the mixture dynamics to asset vectors: MVMD
A different approach, still consistent with the single assets’ dynamics, lies in merging
the dynamics of the single assets in such a way that the mixture property is lifted to the
multivariate density and the corresponding model gains some further tractability property
with respect to the SCMD model. This can be achieved by mixing in all possible ways
the densities of the instrumental processes of each individual asset and by imposing the
correlation structure ρ at the level of the single instrumental processes, rather than of the
assets as we did for the SCMD model. This has important consequences on the actual
structure of the correlation, see [8]. Below we summarize the construction leading to the
MVMD model, while referring to Brigo et al. [10] for further details.
Assume we have calibrated an LMD model for each Si(t): if pSi(t) is the density of Si,
we write
pSi(t)(x) =
Ni∑
k=1
λki ℓ
k
i,t(x), with λ
k
i ≥ 0,∀k and
∑
k
λki = 1, (1.9)
where (ℓki,t)k are the densities of (Y
k
i )k, instrumental processes for Si evolving lognormally
according to the stochastic differential equation:
dY ki (t) = µiY
k
i (t)dt+ σ
k
i (t)Y
k
i (t)dZi(t), d〈Zi, Zj〉t = ρijdt, Y
k
i (0) = Si(0). (1.10)
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For notational simplicity we assume the number of base densities Ni to be the same, N ,
for all assets. The exogenous correlation structure ρij is given by the symmetric, positive–
definite matrix ρ.
Denote by S(t) = [S1(t), · · · , Sn(t)]
T the vector of asset prices with
dS(t) = diag(µ)S(t)dt+ diag(S(t))A(t, S(t))dW (t). (1.11)
As we did for the one dimensional case, we look for a matrix A such that
pS(t)(x) =
N∑
k1,k2,···kn=1
λk11 · · ·λ
kn
n ℓ
k1,...,kn
1,...,n;t (x), ℓ
k1,...,kn
1,...,n;t (x) := p[Y k11 (t),...,Y knn (t)
]T (x), (1.12)
or more explicitly
ℓk1,...,kn1,...,n;t (x) =
1
(2π)
n
2
√
detΞ(k1···kn)(t)Πni=1xi
exp
[
−
x˜(k1···kn)TΞ(k1···kn)(t)−1x˜(k1···kn)
2
]
where Ξ(k1···kn)(t) is the integrated covariance matrix whose (i, j) element is
Ξ
(k1···kn)
ij (t) =
∫ t
0
σkii (s)σ
kj
j (s)ρijds (1.13)
x˜
(k1···kn)
i = lnxi − lnxi(0) − µit+
∫ t
0
σ
k2i
i (s)
2
ds. (1.14)
Computations show that if a solution exists, this must satisfy the definition below.
Definition 3 MVMDModel. The (Lognormal) Multi Variate Mixture Dynamics (MVMD)
model is given by
dS(t) = diag(µ) S(t) dt+ diag(S(t)) C(t, S(t))B dW (t), (1.15)
Ci(t, x) :=
∑N
k1,...,kn=1
λk11 ...λ
kn
n σ
ki
i (t) ℓ
k1,...,kn
1,...,n;t (x)∑N
k1,...,kn=1
λk11 ...λ
kn
n ℓ
k1,...,kn
1,...,n;t (x)
,
ℓk1,...,kn1,...,n;t (x) := p[Y k11 (t),...,Y knn (t)
]T (x) and defining B such that ρ = BBT , a = CB(CB)T ,
ai,j(t, x) =
∑N
k1,...,kn=1
λk11 ...λ
kn
n V
k1,...,kn(t) ℓk1,...,kn1,...,n;t (x)∑N
k1,...,kn=1
λk11 ...λ
kn
n ℓ
k1,...,kn
1,...,n;t (x)
(1.16)
where
V k1,...,kn(t) =
[
σkii (t) ρi,j σ
kj
j (t)
]
i,j=1,...,n
. (1.17)
From the previous definitions it is evident that the dynamics of the single assets Si in the
SCMD model are Markovian. On the other hand, under the MVMD model, while the
dynamics of the whole vector S is Markovian, those of the single assets are not. This leads
to more realistic dynamics.
Under mild assumptions, existence and uniqueness of a solution can be proved through
the following Theorem.
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Theorem 4 Assume that the volatilities σkii (t) for all i are once continuously differen-
tiable, uniformly bounded from below and above by two positive real numbers σ˜ and σˆ re-
spectively, and that they take a common constant value σ0 for t ∈ [0, ǫ] for a small positive
real number ǫ, namely
σ˜ = inf
t≥0
(
min
i=1···n,ki=1,···N
(σkii (t))
)
,
σˆ = sup
t≥0
(
max
i=1···n,ki=1···N
(σkii (t))
)
σkii (t) = σ0 > 0 for all t ∈ [0, ǫ].
Assume also the matrix ρ to be positive definite. Then the MVMD n-dimensional stochastic
differential equation (1.15) admits a unique strong solution. The diffusion matrix a(t, x)
in (1.16) is positive definite for all t and x.
2 Introducing a shift in MVMD
When modelling a one dimensional asset price through an LMD model, implied volatili-
ties with minimum exactly at a strike equal to the forward asset price are the only possible.
In order to gain greater flexibility and therefore move the smile minimum point from the
ATM forward we can shift the overall density by a deterministic function of time, carefully
chosen in order to preserve risk–neutrality and therefore guarantee no–arbitrage. This is
the so–called shifted lognormal mixture dynamics model [7]. Under this model the new
asset-price process S is defined as
St = βe
µt +Xt (2.1)
with β real constant and Xt satisfying (1.6). Under the assumption K − βe
µT > 0 the
price at time 0 of a European call option with strike K and maturity T can be written as
P (0, T )ET {(ST −K)
+} = P (0, T )ET {(XT − [K − βe
µT ])+} (2.2)
and thus as a combination of Black and Scholes prices with strike K − βeµT . The model
therefore preserves the same level of tractability as in the non shifted case with the advan-
tage of gaining more flexibility.
Once each asset is calibrated to a shifted LMD model, we have two possibilities for
reconstructing the dynamics of the multidimensional process. The first possibility is to
reconnect the single assets by introducing a non-zero quadratic covariation between the
Brownian motions (as we did for the SCMD model), leading to what we call the shifted
SCMD model. The second possibility going on the same lines as the approach leading to
the MVMD model, lies in applying the same shift βie
µit to each instrumental process Y ki
of each asset Xi
Ski (t) = Y
k
i (t) + βie
µit
where Y ki satisfies the dynamics in (1.10) (this is equivalent to applying the shift βie
µit
directly to the i-th asset) and then mix the corresponding densities pSki (t)
(x) in all possible
ways. Computations similar to those for the non-shifted case show that if a solution
exists, it must satisfy the definition below (details on the computations are shown in the
Appendix).
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Definition 5 Shifted MVMD Model. The shifted Multi Variate Mixture Dynamics
model is given by
dS(t) = diag(µ)S(t)dt+ diag(S(t))C˜(t, S(t))BdW (t), (2.3)
C˜i(t, x) :=
∑N
k1,...,kn=1
λk11 ...λ
kn
n σ
ki
i (t)(xi − βie
µit) ℓ˜k1,...,kn1,...,n;t (x)
xi
∑N
k1,...,kn=1
λk11 ...λ
kn
n ℓ˜
k1,...,kn
1,...,n;t (x)
,
ℓ˜k1,...,kn1,...n;t (x) = p[Sk11 (t),...,S
kn
n (t)]T
(x) = ℓk1,...,kn1,...,n;t (x− βe
µt) (2.4)
and defining B such that ρ = BBT , a˜ = C˜B(C˜B)T ,
a˜ij(t, x) =
∑N
k1,k2,...kn=1
λk11 · · ·λ
kn
n V
k1,...,kn(t)(xi − βie
µit)(xj − βje
µj t)ℓ˜k1,...,kn1,...n;t (x)
xixj
∑N
k1,k2,...kn=1
λk11 · · ·λ
kn
n ℓ˜
k1,...,kn
1,...n;t (x)
(2.5)
with V k1,...,kn as in (1.17).
We now have all the instruments to introduce the correlation skew and study its be-
haviour under shifted SCMD and shifted MVMD dynamics.
3 The correlation skew
The aim of this section is to introduce a definition of correlation skew and to study
its behaviour under shifted MVMD dynamics, in comparison with the correlation skew
under shifted SCMD dynamics. It is observed in practice under normal market conditions
that assets are relatively weakly correlated with each other. However during periods of
market stress stronger correlations are observed. This fact suggests that a single correlation
parameter for all options quoted on a basket of assets, or an index, say, may not be sufficient
to reproduce all option prices on the basket/index for a given expiry. In fact, this is what is
observed empirically when inferring a multidimensional dynamics from a set of single–asset
dynamics. Among others, this has been shown in Bakshi et al. [2] for options on the S&P
100 index and in Langnau [16] for options on the Euro Stoxx 50 index and on the DAX
index.
When computing the implied volatility, European call prices (or equivalently put prices)
are considered and the reference model is the benchmark Black & Scholes [3] model. It
seems then natural to consider as multidimensional benchmark a model where the sin-
gle assets follow geometric Brownian motions and constant correlation among the single
Brownian shocks is introduced. However, when moving from the one-dimensional to the
multidimensional framework a bigger variety of possible option instruments to use in order
to compare prices under the reference model and the model under analysis appears, the
particular choice depending on the specific product we are interested in. Austing [1] re-
cently provided a discussion on some of the most popular multi-assets products suggesting
the use of composite options as benchmark on which defining the implied correlation. In
this paper we adopt a different approach based on the comparison with options on S1(t),
S2(t) with payoff
(S1(T )S2(T )−K)
+ . (3.1)
Assume that the pair (S1, S2) follows a bi-dimensional Black and Scholes model, in
other words S1 and S2 follow two geometric Brownian motions with correlation ρ and
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consider the payoff in equation (3.1). Given the Black and Scholes implied volatilities for
S1 and S2, the value ρimpl such that prices under the bi-dimensional Black and Scholes
model are the same as market prices
MKT_Prices(S1(0), S2(0),K, T ) = BS_Prices(S1(0), S2(0),K, T, ρimpl(K,T ))
is called implied correlation. If we try to match option prices for a given maturity T and
two different strikes K1, K2, we will observe two different values of the implied correlation.
This is contrary to the hypothesis of constant correlation in the bi-dimensional Black and
Scholes model.
The curve K → ρimpl(K,T ) is called correlation skew. Thus, the correlation skew
can be considered as a descriptive tool/metric similar to the volatility smile in the one-
dimensional case, with the difference that it primarily describes implied dependence instead
of volatility.
3.1 Explaining the skew in MVMD with the single parameter ρ via
MUVM
The aim of this section is to introduce a definition of implied correlation under shifted
MVMD dynamics, when using options with payoff as in equation (3.1). This leads to
a straightforward application in the foreign exchange market within the study of trian-
gular relationships. Imagine, for example, that S1 and S2 represent the exchange rates
USD/EUR and EUR/JPY, respectively. The cross asset S3 = S1S2 then represents the
USD/JPY exchange rate, and the corresponding payoff in equation (3.1) is the payoff of
a call option on the USD/JPY FX rate. In the following, we will investigate whether the
shifted MVMDmodel is able to consistently reproduce the implied volatility of S3, once the
single components S1, S2 are calibrated to univariate shifted LMD models. Consistency
properties of this kind are important, for example, in order to reconstruct the time series
of less liquid cross currency pairs from more liquid ones.
Before proceeding we make a remark on the interpretation of ρ. Keeping in mind the
definition of instantaneous local correlation in a bivariate diffusion model
ρL(t) :=
d〈S1, S2〉t√
d〈S1, S1〉t d〈S2, S2〉t
and making use of Schwartz’s inequality, we obtain that the absolute value of the local
correlation under the shifted MVMD model is smaller than the value under the shifted
SCMD model. The result is contained in the Proposition below.
Proposition 6 (Local correlation in shifted MVMD and shifted SCMD) The in-
stantaneous local correlation under the shifted SCMD model is ρ, whereas for the shifted
MVMD model we have
ρL(t) =
ρ
∑N
k,k′=1 λ1
kλ2
k′σ
(k)
1 σ
(k′)
2 ℓ˜
(kk′)
t (x1, x2)√(∑N
k,k′=1 λ1
kλ2
k′σ
(k)2
1 ℓ˜
(kk′)
t (x1, x2)
)(∑N
k,k′=1 λ1
kλ2
k′σ
(k′)2
2 ℓ˜
(kk′)
t (x1, x2)
) ,
|ρL(t)| ≤ ρ
where ℓ˜
(kk′)
t (x1, x2) is defined as in equation (2.4).
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We see that ρ enters the formula for the instantaneous local correlation ρL in the MVMD
model, even though the latter is more complex than the constant value ρ. Our aim is to
find a value of ρ matching prices of options with payoff as in equation (3.1) under shifted
MVMD dynamics with market prices.
In order to do that we will make use of a model with uncertain parameters of which
the shifted MVMD is a Markovian projection. Indeed, as shown in Brigo et al. [10] the
MVMD model as in Definition 3 (without shift) is a Markovian projection of the model
defined below
dξi(t) = µi ξi(t)dt+ σ
Ii
i (t) ξi(t)dZi(t), i = 1, ..., n, (3.2)
where each Zi is a standard one dimensional Brownian motion with d 〈Zi, Zj〉t = ρi,jdt,
µi are constants, σ
I := [σI11 , . . . , σ
In
n ]
T is a random vector independent of Z and represent-
ing uncertain volatilities with I1, . . . , In mutually independent. More specifically, each σ
Ii
i
takes values in a set of N deterministic functions σki with probability λ
k
i . Thus, for all
times in (ε,+∞) with small ε we have
(t 7−→ σIii (t)) =

(t 7−→ σ1i (t)) with Q probability λ
1
i
(t 7−→ σ2i (t)) with Q probability λ
2
i
...
(t 7−→ σNi (t)) with Q probability λ
N
i
Now it is straightforward to show that if we add a shift to each component as follows
ξ˜i(t) = ξi(t) + βie
µit (3.3)
we obtain a model having the shifted MVMD model (2.3)-(2.5) as Markovian projection.
This can be easily shown by Gyöngy’s lemma [13].
Theorem 7 The shifted MVMD model is a Markovian projection of the shifted MUVM
model.
Proof. A straightforward application of Ito’s lemma shows that ξ˜(t) satisfies the system
of SDEs below
dξ˜(t) = diag(µ) ξ˜(t) dt+ diag(ξ˜(t)− α(t)) AI(t) dW (t) (3.4)
where diag(α(t)) is a deterministic matrix whose i-th diagonal element is the shift βie
µit
and AI(t) is the Cholesky decomposition of the covariance matrix ΣIi,j(t) := σ
Ii
i (t)σ
Ij
j (t) ρij .
Define v˜(t, ξ(t)) = diag(ξ˜(t)− α(t))AI(t). In order to show that the MVMD model is
a Markovian projection of the MUVM model, we need to show that
E[v˜v˜T |ξ˜(t) = x˜] = σ˜ σ˜T (t, x). (3.5)
where σ˜(t, x) = diag(x)C˜(t, x)B and C˜ is defined as in (2.3).
Observing that
E[v˜v˜T |ξ(t) ∈ dx] =
E[diag(ξ˜(t)− α(t)) Σ diag(ξ˜(t)− α(t)) 1{ξ˜(t)∈dx}]
E[1{ξ˜(t)∈dx}]
=
diag(x − α(t))
∑N
k1,...,kn=1
λk11 ...λ
kn
n V
k1,...,kn(t)ℓ˜k1,...,kn1,...,n;t (x) diag(x − α(t)) dx∑N
k1,...,kn=1
λk11 ...λ
kn
n ℓ˜
k1,...,kn
1,...,n;t (x) dx
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and performing simple matrix manipulations, equation (3.5) is easily obtained.
Since we will infer the value of ρ from prices of options with payoff as in (3.1) depending
on the value of (S1, S2) at time T only, we can make computations under the shifted MUVM
rather then the shifted MVMD, as these two models have the same one-dimensional (in
time) distributions. Computations under the shifted MUVM model are easier to do (with
respect to the shifted MVMD case) since conditioning on {Ii = j}, ξi follows a shifted
geometric Brownian motion with volatility σji .
In particular we will focus on the bidimensional specification in which case the shifted
MUVM reduces to
dS1(t) = µ1 S1(t)dt+ σ
I1
1 (t) (S1(t)− β1e
µ1t)dW1(t)
dS2(t) = µ2 S2(t)dt+ σ
I2
2 (t) (S2(t)− β2e
µ2t)dW2(t)
(3.6)
where the Brownian motions W1, W2 have correlation ρ.
Once we have calibrated S1 and S2 independently, each to a univariate shifted LMD
model, we notice that the only parameter missing when computing prices of options having
payoff as in (3.1) is ρ.
Definition 8 We define the implied correlation parameter in the shifted MVMD model as
the value ρ minimizing the squared percentage difference between implied volatilities from
options with payoff (3.1) under the shifted MVMD model and market implied volatilities.
3.2 The correlation skew in SCMD via ρ
Now, assume to model the joint dynamics of (S1, S2) as a shifted SCMD model instead.
In this case
dS1(t) = µS1(t)dt+ ν1(t, S1(t)− β1e
µt)(S1(t)− β1e
µt)dW1(t),
dS2(t) = µS2(t)dt+ ν2(t, S2(t)− β2e
µt)(S2(t)− β2e
µt)dW2(t)
(3.7)
with
ν1(t, x) =
(∑N
k=1 λ
k
1σ
k
1 (t)
2ℓkt (x)∑N
k=1 λ
k
1ℓ
k
t (x)
)1/2
,
ν2(t, x) =
(∑N
k=1 λ
k
2σ
k
2 (t)
2ℓkt (x)∑N
k=1 λ
k
2ℓ
k
t (x)
)1/2 (3.8)
where the Brownian motions W1, W2 have correlation ρ. In this case the parameter ρ
really represents the true value of the instantaneous local correlation, as opposed to the
MVMD case. We still define the implied correlation as the value ρ minimizing the squared
percentage difference between implied volatilities from options with payoff (3.1) under the
shifted SCMD model and market implied volatilities.
3.3 Pricing under the shifted MUVM
Now, we consider computing the price of options such as (3.1), namely options on cross
FX rates, under the shifted model. In general one has a loss of tractability with respect to
the non-shifted case. However, one can still express the price via a semi-analytic formula
involving double integration:
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e−rTE[(B −K)+] =
e−rT
N∑
i,j=1
λi1λ
j
2
∫ ∞
K
dB(B −K)
∫ log(B/α2−α1
F1(T )
)
+
Σ
i,i
1,1
2
−∞
dx1
n(x1; 0,Σ
i,i
1,1)n(D
i,j(B,x1); 0, (1 − ρ
2)Σj,j2,2)
B − α2F1(T )e
x1−Σi,i1,1/2 − α1α2
(3.9)
where n(x;m,S) is the density function of a one-dimensional Gaussian random variable
with mean m and standard deviation S,
Di,j(B,x1) = ln
 B
F1(t)e
x1−
Σ
i,i
1,1
2 + α1
− α2
− ln(F2(t)) + Σj,j2,2
2
− ρx1
√√√√Σj,j2,2
Σi,i1,1
,
and Σi,jh,k = σ
i
hσ
j
kT for h, k = 1, 2 and i, j = 1, . . . N . This follows from the fact that the
density of the product
B = S1S2 = (ξ1 + β1e
µ1T )(ξ2 + β2e
µ2T )
can be written as
pBT (B)dB = Q(BT ∈ dB) = E[1{BT∈dB}] =
N∑
i,j=1
λi1λ
j
2E
[
1{(ξi1+β1eµ1T )(ξj2+β2eµ2T )∈dB}
]
(3.10)
where
dξ1(t) = µ1 ξ1(t)dt+ σ
i
1(t) ξ1(t)dW1(t)
dξ2(t) = µ2 ξ2(t)dt+ σ
j
2(t) ξ2(t)dW2(t)
Now we focus on a single term in the summation (3.10) and for simplicity we drop the
superscript i, j . Calling F1(t), F2(t) the t-forward asset prices and defining xi = ln
ξi
Fi(t)
+
Σi,i
2 we can rewrite the expectation as∫
dx1dx21{(F1(t)ex1−Σ1,1/2+α1)(F2(t)ex2−Σ2,2/2+α2)∈dB}n(x; 0,Σ) =(
−
d
dB
∫
DB
dx1dx2n(x; 0,Σ)
)
dB
with αi = βie
µiT , where n(x; 0,Σ) is the density of a bivariate normal distribution with
mean equal to zero and covariance matrix Σ defined as below
Σ =
(
Σ1,1 ρ
√
Σ1,1Σ2,2
ρ
√
Σ1,1Σ2,2 Σ2,2
)
(3.11)
Observing that n(x; 0,Σ) = n(x1; 0,Σ1,1)n(x2−ρx1
√
Σ2,2/Σ1,1; 0, (1−ρ
2)Σ2,2), integrating
with respect to x2 and replacing in (3.10) we obtain
pBT (B) =
N∑
i,j=1
λi1λ
j
2
∫ log(B/α2−α1
F1(T )
)
+
Σ
i,i
1,1
2
−∞
dx1
n(x1; 0,Σ
i,j
1,1)n(D
i,j(B,x1); 0, (1 − ρ
2)Σi,j2,2)
B − α2F1(T )e
x1−Σi,j1,1 − α1α2
from which equation (3.9) is easily derived.
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4 Comparing correlation skews in shifted MVMD and SCMD
The aim of this section is to compare the shifted MVMD and the shifted SCMD models
in terms of implied correlation, analysing their performance in reproducing triangular
relationships.
4.1 Numerical case study with cross FX rates
Specifically, we consider the exchanges S1 = USD/EUR, S2 = EUR/JPY under a
shifted MUVM model with 2 components
S1(t) = X1(t) + β1e
(r e−r$)t
S2(t) = X2(t) + β2e
(rY −r e)t
with
dX1(t) = (r
e − r$)X1(t)dt+ σ
I1
1 (t)X1(t)dW
1,e
t
dX2(t) = (r
Y − re)X2(t)dt+ σ
I2
2 (t)X2(t)dW
2,Y
t
where re, r$, rY are the euro, dollar and yen interest rates, respectively, and σI11 (t),
σI22 (t) are as in equation (3.2). W
1,e
t and W
2,Y
t indicate that we are considering the
dynamics of S1 and of S2, each under its own domestic measure, that is the euro in the
case of S1 and the yen in the case of S2.
We calibrate S1 and S2 independently, each to its own volatility curve, using 2 compo-
nents and minimizing the squared percentage difference between model and market implied
volatilities. Then, we look at the product S1S2, representing the cross exchange USD/JPY,
and we check whether the model is able to reproduce the cross smile consistently with the
smiles of the single assets. In particular, we find ρ that minimizes the squared percentage
difference between implied volatilities from options on the basket S3 = S1S2 under the
shifted MVMD model (the shifted SCMD model) and market implied volatilities. In other
words, we look at the implied correlations under the shifted MVMD model and the shifted
SCMD model.
When performing calibration on S3, we express both the dynamics of X1 and of X2
under the yen:
dX1(t) = (r
e − r$ − ρσI11 (t)σ
I2
2 (t))X1(t)dt+ σ
I1
1 X1(t)dW
1,Y
t
dX2(t) = (r
Y − re)X2(t)dt+ σ
I2
2 (t)X2(t)dW
2,Y
t ,
and then we calculate prices of options on
S3(t) = (X1(t) + β1e
(r e−r$)t)(X2(t) + β2e(r
Y −r e)t).
All the data for our numerical experiments are downloaded from a Bloomberg terminal.
We start by considering data from 19th February 2015. The initial values of S1, S2 are
S1(0) = 0.878, S2(0) = 135.44. First we calibrate S1 and S2 using implied volatilities from
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options with maturity of 6 months. Denoting
η1 =

√∫ T
0 σ
1
1(s)
2ds
T
,
√∫ T
0 σ
2
1(s)
2ds
T

η2 =

√∫ T
0 σ
1
2(s)
2ds
T
,
√∫ T
0 σ
2
2(s)
2ds
T

the T -term volatilities of the instrumental processes of S1 and S2, respectively,
λ1 = (λ
1
1, λ
2
1),
λ2 = (λ
1
2, λ
2
2)
the vector of probabilities of each component and β1, β2 the shift parameters, we obtain
η1 = (0.1952, 0.0709), λ1 = (0.1402, 0.8598), β1 = 0.00068
for the asset S1 and
η2 = (0.1184, 0.0962), λ2 = (0.2735, 0.7265), β2 = 0.9752
for the asset S2. Then, we perform a calibration on the cross product S3 =USD/JPY using
volatilities from call options with maturity of 6 months, finding the values:
ρMVMD(6M) = −0.6015
for the shifted MVMD model and
ρSCMD(6M) = −0.5472
for the shifted SCMD model. The higher value (in absolute terms) of the correlation
parameter in the shifted MVMD model is due to higher state dependence in the diffusion
matrix with respect to the shifted SCMD model. This is partly related to Proposition
6. In other words, in order to achieve the same local correlation as in the shifted SCMD
model, the shifted MVMD model needs a higher absolute value of ρ.
The corresponding prices and implied volatilities are plotted in Figure 1 whereas Table
1 reports the absolute differences between market and model values corresponding to a few
strikes. The reported plot shows that the shifted MVMD model is better at reproducing
market prices than the shifted SCMD model. What is very remarkable in this example is
that the shifted MVMD fits the whole correlation skew with just one value of ρ.
As a second numerical experiment we repeat the calibration using prices with maturity
of 9 months. Specifically, we first calibrate S1 and S2 obtaining the values
η1 = (0.2236, 0.0761), λ1 = (0.0262, 0.9738), β1 = 0.0100
for the asset S1 and
η2 = (0.1244, 0.0497), λ2 = (0.7584, 0.2416), β2 = 0.7856
for the asset S2. For S2, we observe that the higher volatility now has the highest proba-
bility as opposed to the results found for 6 months options. Then, we perform a calibration
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on the cross product S3 =USD/JPY using volatilities from call options with maturity of 9
months, finding the values:
ρMVMD(9M) = −0.6199
for the shifted MVMD model and
ρSCMD(9M) = −0.5288
for the shifted SCMD model. These values are comparable with those found for 6 months
options. This shows that the model is quite consistent.
The corresponding prices and implied volatilities are shown in Figure 2 whereas Table
2 reports some absolute differences between model and market values. Overall, also in
this case the shifted MVMD model outperforms the shifted SCMD in terms of ability to
reproduce market prices on the cross product.
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Figure 1: Calibration on 6 months options, relative to 19 February 2015. The implied
correlation is ρ = −0.6015 for the shifted MVMD model (top) and ρ = −0.5472 for the
shifted SCMD model (bottom).
5 Introducing random correlations in the mixture dynamics
A single correlation parameter ρ may not be enough to fit prices on the cross asset.
To overcome this, we can allow for random correlations between the single assets in the
shifted MUVM model (3.6). Specifically,
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T = 6 Months
K Shifted MVMD Shifted SCMD
107.16 0.0107 0.0188
114.12 0.0095 0.0463
118.3 0.019 0.0394
124.88 0.0045 0.0104
137.9 0.0026 0.0073
T = 6 Months
K Shifted MVMD Shifted SCMD
107.16 0.0004 0.0007
114.12 0.0004 0.0018
118.3 0.0011 0.0023
124.88 0.0006 0.0015
137.9 0.0022 0.007
Table 1: Calibration on 6 months options, relative to 19 February 2015. The tables report
absolute differences between market and model prices (top) and absolute differences between
market and model implied volatilities (bottom).
dS1(t) = µ1 S1(t)dt+ σ
I1
1 (t) (S1(t)− β1e
µ1t)dW I11 (t)
dS2(t) = µ2 S2(t)dt+ σ
I2
2 (t) (S2(t)− β2e
µ2t)dW I22 (t)
(5.1)
where the Brownian motions W I11 , W
I2
2 now have correlation ρ
I1,I2 . The correlation pa-
rameter will therefore assume the value ρh,k in correspondence with a couple (σh1 , σ
k
2 ) with
probability λhλk.
Theorem 9 The shifted MUVM model with uncertain correlation parameter has, as Marko-
vian projection, a shifted MVMD model solution of the SDE (2.3) but with equation (1.17)
transformed into
V k1,...,kn(t) =
[
σkii (t) ρ
ki,kj
i,j σ
kj
j (t)
]
i,j=1,...,n
. (5.2)
Proof. The Markovian projection property can be easily shown by an application of
Gyöngy’s lemma, in a similar was as in the proof of Theorem 7.
In other words, the correlation between two generic instrumental processes Y ki , Y
h
j
will depend not only on the assets Si, Sj, but will correspond to a specific choice of the
instrumental processes Y ki , Y
h
j themselves.
5.1 Cross FX rates study for shifted MVMD with random correlations
As a numerical illustration we performed on the shifted MVMD model the same ex-
periment as in Section 4. We used 6 months options from 7th September 2015. The initial
values of the single FX rates are S1(0) = 0.8950, S2(0) = 133.345. In this case the calibra-
tion of the shifted SCMD model is much worse, to the point that there is no value of ρ that
can fit any of the prices obtained through this model. On the other hand, in the case of the
shifted MVMD model, in particular when introducing random correlations, the fit leads
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Figure 2: Calibration on 9 months options, relative to 19 February 2015. The implied cor-
relation is ρ = −0.6199 for the shifted MVMD model (top) and ρ = −0.5288 for the shifted
SCMD model (bottom), which are comparable with the values obtained using 6 months
options.
to quite good results. As in the previous cases we independently calibrate S1=USD/EUR
and S2=EUR/JPY on the corresponding implied volatilities obtaining
η1 = (0.1803, 0.0916), λ1 = (0.0274, 0.9726), β1 = 0.0128
η2 = (0.1230, 0.0501), λ2 = (0.6575, 0.3425), β2 = 0.1867
and then we look at the cross exchange rate S3 = S1S2=USD/JPY. When performing
calibration using a shifted MVMD model with one correlation parameter only, we obtain
ρ = −0.6147,
whereas when using random correlations, we have
ρ1,1 = −0.8717, ρ1,2 = −0.1762, ρ2,1 = −0.6591, ρ2,2 = −0.2269.
The corresponding plots are shown in Figure 3, in connection with Table 3. In this case
we also see that using random correlations improves the fit with respect to the case with
a single correlation parameter. Moreover, computing the expectation and the standard
deviation for the random correlation under the risk-neutral measure Q, we obtain
EQ(ρi,j) = −0.5144
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T = 9 Months
K Shifted MVMD Shifted SCMD
104.2 0.2098 0.0961
112.84 0.0116 0.0485
117.91 0.0223 0.0329
122.49 0.0088 0.0089
144.25 0.0013 0.0025
T = 9 Months
K Shifted MVMD Shifted SCMD
104.2 0.0073 0.0034
112.84 0.0008 0.0024
117.91 0.0035 0.005
122.49 0.0028 0.0029
144.25 0.005 0.01
Table 2: Calibration on 9 months options, relative to 19 February 2015. The tables report
absolute differences between market and model prices (top) and absolute differences between
market and model implied volatilities (bottom).
StdQ(ρi,j) = 0.2105
satisfying |EQ(ρi,j) − ρ| < Std
Q
(ρi,j)
2 . In other words, the absolute difference between the
Q-expected random correlation and the deterministic correlation is smaller than half the
Q-standard deviation. This means that the random correlation is on average not that far
from the deterministic value.
Finally, we repeat the same experiment using options with maturity of 9 months. We
find:
η1 = (0.2073, 0.0936), λ1 = (0.0012, 0.9988), β1 = 0.0216
η2 = (0.1573, 0.0689), λ2 = (0.3563, 0.6437), β2 = 0.1288.
When looking at the cross product S1S2=USD/JPY, we obtain
ρ = −0.7488
in the case of one single correlation parameter, and
ρ1,1 = −0.8679, ρ1,2 = −0.2208, ρ2,1 = −0.8303, ρ2,2 = −0.3270
in the case where random correlations are introduced. Corresponding plots and absolute
differences between market and model prices/implied volatilities can be found in Figure 4
and Table 4, which show that the shifted MVMD model with random correlations outper-
forms the constant-deterministic correlation model in this case as well.
The values of expected random correlation and standard deviation under the Qmeasure
are
EQ(ρi,j) = −0.5063
StdQ(ρi,j) = 0.2411.
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Figure 3: Calibration of the MVMD model on 6 months options, relative to data from 7th
September 2015. The calibration using one single correlation parameter is shown in the top
part which corresponds to a fitted value equal to ρ = −0.6147. In the bottom, calibration
using the MVMD model with random correlations is presented. The corresponding fitted
correlations are ρ1,1 = −0.8717, ρ1,2 = −0.1762, ρ2,1 = −0.6591, ρ2,2 = −0.2269.
With respect to the case of 6 months options, we observe a movement of the Q-expected
random correlation away from the constant correlation. Moreover, if we look at the terminal
correlations, that is the correlation between S1(T ) and S2(T ), for T = 9 months, we obtain
ρˆ(9M) = −0.6894
in case ρ is deterministic and
ρˆrandom(9M) = −0.5596
in case ρ is random. As a final observation, we remark that in case ρ is constant, an ap-
plication of Schwartz’s inequality shows that the absolute value of the terminal correlation
is always smaller than the absolute value of the instantaneous correlation, as verified by
the results above. One may wonder whether the same inequality holds in case of random
correlations, if we substitute the instantaneous value with the mean of the random corre-
lations. In this case it is not possible to use Schwartz’s inequality as we did before and,
indeed, the results obtained show that the inequality does not hold, at least not for the
example considered above.
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T = 6 Months
K Shifted MVMD Shifted MVMDRC
115.36 0.0359 0.02228
118.57 0.0016 0.0024
122.18 0.0042 0.0022
126.68 0.0008 1.18 ∗ 10−5
136.32 0.0003 1.94 ∗ 10−5
T = 6 Months
K Shifted MVMD Shifted MVMDRC
115.36 0.0036 0.0022
118.57 0.0002 0.0004
122.18 0.0018 0.0009
126.68 0.0011 1.159 ∗ 10−5
136.32 0.0025 0.0002
Table 3: Calibration on 6 months options, relative to 7th September 2015. The tables report
absolute differences between market and model prices (top) and absolute differences between
market and model implied volatilities (bottom).
6 Potential use for smile extrapolation: A Renminbi case
study
As a numerical illustration we performed on the shifted MVMD model analogous ex-
periments as those in Section 4 and Section 5, using 6 months options relative to data from
18th December 2015. We first independently calibrate the exchange rates S1=EUR/USD
and S2=USD/CNH on the corresponding implied volatilities, thus obtaining
η1 = (0.1132, 0.0841), λ1 = (0.2209, 0.7791), β1 = 0.0063
η2 = (0.0447, 0.1455), λ2 = (0.5956, 0.4044), β2 = −0.0587
where the initial values of the single FX rates are S1(0) = 1.0842 and S2(0) = 6.55. The
corresponding plots are shown in Figure 5 (top).
In order to test how the model perform when looking at the FX cross rate S3 =
S1S2 =EUR/CNH, we first calibrate the shifted MVMD model using the atm call option
only, thus obtaining
ρMVMD(6M) = −0.1205.
We then plot the whole volatility curve corresponding to the calibrated value of ρ. This is
represented in Figure 5 (bottom, left) which shows a good fit. Moreover, if we try to cali-
brate using not only the atm option, but a certain number of different strikes, we obtained
values of the calibrated correlations quite close to the previous value ρMVMD(6M).
As a second experiment, we perform a calibration of the shifted MVMD model, when
introducing random correlations. The values obtained are
ρ1,1 = 0.864, ρ1,2 = −0.2843, ρ2,1 = −0.3417, ρ2,2 = −0.1006
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Figure 4: Calibration of the MVMD model on 9 months options, relative to data from 7th
September 2015. The calibration using one single correlation parameter is shown in the top
part which corresponds to a fitted value equal to ρ = −0.7488. In the bottom, calibration
using the MVMD model with random correlations is presented. The corresponding fitted
correlations are ρ1,1 = −0.8679, ρ1,2 = −0.2208, ρ2,1 = −0.8303, ρ2,2 = −0.3270.
and the corresponding plot is shown in Figure 5 (bottom, right). The values of expected
random correlation and standard deviation under the Q measure are
EQ(ρi,j) = −0.1020
StdQ(ρi,j) = 0.3904.
7 Conclusions
We introduced a shifted MVMD model where each single asset follows shifted LMD
dynamics which are combined so that the mixture property is lifted to a multivariate level,
in the same way as for the non-shifted case [8]. In this framework, we analysed the implied
correlation from cross exchange rates and compared the results with those in the shifted
SCMD model where the single assets are connected by simply introducing instantaneous
correlations among the Brownian motions driving each asset.
Finally, we generalized the MUVM model in [8], having MVMD as a Markovian pro-
jection, to a shifted model with random correlation, achieving more flexibility. This allows
one to capture the correlation skew better. Indeed, the numerical experiments which we
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T = 9 Months
K Shifted MVMD Shifted MVMDRC
112.84 0.0125 0.0069
116.99 0.0011 0.0003
121.04 0.0011 0.0002
126.18 0.0002 3.29 ∗ 10−5
141.66 3.46 ∗ 10−5 2.2 ∗ 10−5
T = 9 Months
K Shifted MVMD Shifted MVMDRC
112.84 0.0054 0.0028
116.99 0.0013 0.0004
121.04 0.004 0.0007
126.18 0.0026 0.0005
141.66 0.01 0.0003
Table 4: Calibration on 9 months options, relative to 7th September 2015. The tables report
absolute differences between market and model prices (top) and absolute differences between
market and model implied volatilities (bottom).
have conducted show that this model may be able to consistently reproduce triangular re-
lationships among FX cross rates, or in other words to reproduce the implied volatility of a
cross exchange rate in a consistent way with the implied volatilities of the single exchange
rates.
One possible further use of the models given here is in proxying the smile for illiquid
cross FX rates resulting from the product of two liquid FX rates. While one would have
to find the relevant correlation parameters, possibly based on historical estimation with
some adjustments for risk premia, the models presented here allow us to infer the detailed
structure of the cross FX rate smile in an arbitrage free way.
8 Appendix
In this Appendix we provide the details leading to definition 5. We start by applying
a shift to each component Y ki of each asset as follows
Ski (t) = Y
k
i (t) + βie
µit.
Keeping in mind that Y ki satisfies
dY ki (t) = µiY
k
i (t)dt+ σ
k
i (t)Y
k
i (t)dZi(t) d〈Zi, Zj〉 = ρijdt, (8.1)
we obtain, by applying Ito’s formula
dSki (t) = µiS
k
i (t)dt+ σ
k
i (t)
(
Ski (t)− βie
µit
)
dZi(t). (8.2)
The corresponding asset price Si will therefore be a shifted LMD model with shift equal
to βie
µit. In order to find the dynamics of the whole multidimensional process S(t), that
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Figure 5: On top, calibration of the EUR/USD FX rate (left) and the USD/CNH FX
rate (right) each independently on a shifted LMD model. We used data from 18 December
2015. On the bottom, calibration of the MVMD model on the EUR/CNH exchange. In the
case on the left, the calibration is obtained by fitting the shifted MVMD model to the atm
option only, obtaining ρ = −0.1205. In the case on the right, the calibration is obtained
by fitting the shifted MVMD model with random correlation. In the last case ρ1 = 0.864,
ρ2 = −0.2843, ρ3 = −0.3417, ρ4 = −0.1006.
is the process corresponding to S(t) after having applied the shift, we look for an SDE of
the type
dS(t) = diag(µ)S(t)dt+ diag(S(t))C˜(t, S(t))BdW (t) (8.3)
where ρ = BBT such that the corresponding density satisfies
pS(t)(x) =
N∑
k1,k2,...kn=1
λk11 · · ·λ
kn
n ℓ˜
k1,...,kn
1,...n;t (x) (8.4)
ℓ˜k1,...,kn1,...n;t (x) = p[Sk11 (t),...,S
kn
n (t)]T
(x). (8.5)
In other words, the density pS(t) is obtained by mixing the single densities pSki (t)
(x) in all
the possible ways.
In order to find the diffusion matrix C˜, we compute the Fokker-Planck equations for
pS(t) and ℓ˜
k1,...,kn
1,...n;t . Defining a˜(t, S(t)) = (C˜B)(C˜B)
T where C˜i denotes the i-th row of C˜,
we obtain
∂
∂t
pS(t)(x) = −
n∑
i=1
∂
∂xi
[
µixipS(t)(x)
]
+
1
2
n∑
i,j=1
∂2
∂xi∂xj
[
a˜ij(t, x)xixjpS(t)(x)
]
(8.6)
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and
∂ℓ˜k1,...,kn1,...n;t (x)
∂t
= −
n∑
i=1
∂
∂xi
(
µkii xiℓ˜
k1,...,kn
1,...n;t (x)
)
+
1
2
n∑
i,j=1
∂2
∂xi∂xj
σkii (t)(xi − βie
µ
ki
i )σ
kj
j (t)(xj − βje
µ
kj
j t)ρi,j ℓ˜
k1,...,kn
1,...n;t (x).
Making use of equation (8.4) and the equation above
∂
∂t
pS(t)(x) =
N∑
k1,k2,...kn=1
λk11 · · · λ
kn
n
∂
∂t
ℓ˜k1,...,kn1,...n;t (x) =
=
N∑
k1,k2,...kn=1
λk11 · · ·λ
kn
n
[
−
n∑
i=1
∂
∂xi
(
µixiℓ˜
k1,...,kn
1,...n;t (x)
)
+
1
2
n∑
i,j=1
∂2
∂xi∂xj
σkii (t)(xi − βie
µi)σ
kj
j (t)(xj − βje
µjt)ρi,j ℓ˜
k1,...,kn
1,...n;t (x)
]
.
On the other hand, from equation (8.6)
∂
∂t
pS(t)(x) = −
n∑
i=1
∂
∂xi
µixi
 N∑
k1,k2,...kn=1
λk11 · · ·λ
kn
n ℓ˜
k1,...,kn
1,...n;t (x)

+
1
2
n∑
i,j=1
∂2
∂xi∂xj
a˜ij(t, x)xixj
 N∑
k1,k2,...kn=1
λk11 · · · λ
kn
n ℓ˜
k1,...,kn
1,...n;t (x)
 .
Finally, comparing the two expressions obtained for ∂∂tpS(t)(x)
1
2
n∑
i,j=1
∂2
∂xi∂xj
N∑
k1,k2,...kn=1
λk11 · · · λ
kn
n
[
a˜ij(t, x)xixj−
σkii (t)(xi − βie
µi)σ
kj
j (t)(xj − βje
µjt)ρi,j
]
ℓ˜k1,...,kn1,...n;t (x) = 0
so that
aij =
∑N
k1,k2,...kn=1
λk11 · · ·λ
kn
n σ
ki
i (t)(xi − βie
µi)σ
kj
j (t)(xj − βje
µj t)ρi,j ℓ˜
k1,...,kn
1,...n;t (x)
xixj
∑N
k1,k2,...kn=1
λk11 · · ·λ
kn
n ℓ˜
k1,...,kn
1,...n;t (x)
.
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